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ABSTRACT 
Simple analytic equation is deduced to explain new physical phenomenon detected experimentally: growth of nano-dots 
(40–55 nm diameter, 8–13 nm height, 9.4 dots/μm2 surface density) on the grazing incidence mirror surface under the 
three years irradiation by the free electron laser FLASH (5–45 nm wavelength, 3 degrees grazing incidence angle). The 
growth model is based on the assumption that the growth of nano-dots is caused by polymerization of incoming 
hydrocarbon molecules under the action of incident photons directly or photoelectrons knocked out from a mirror 
surface. The key feature of our approach consists in that we take into account the radiation intensity variation nearby a 
mirror surface in an explicit form, because the polymerization probability is proportional to it. We demonstrate that the 
simple analytic approach allows to explain all phenomena observed in experiment and to predict new effects. In 
particular, we show that the nano-dots growth depends crucially on the grazing angle of incoming beam and its intensity: 
growth of nano-dots is observed in the limited from above and below intervals of the grazing angle and the radiation 
intensity. Decrease in the grazing angle by 1 degree only (from 3 to 2 degree) may result in a strong suppression of nano-
dots growth and their total disappearing. Similarly, decrease in the radiation intensity by several times (replacement of 
free electron laser by synchrotron) results also in disappearing of nano-dots growth. 
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1. INTRODUCTION 
In the previous our paper [1] new physical phenomenon was experimentally discovered: growth of spikes (nano-dots) of 
the 30–60 nm diameter, 6–13 nm height, and 9.4 dots/μm2 surface density on the grazing incidence mirror surface under 
the three years irradiation by the free electron laser (FEL) FLASH (5–45 nm wavelength, 3 degrees grazing incidence 
angle) [2]. Inspection of another mirror operating at similar conditions, but at the 2 degrees grazing incidence angle 
demonstrated strong suppression of the spikes growth: nano-dots of only 3-4 nm height and 0.23 dots/ μm2 surface 
density were observed. 
The model suggested in [1] allowed us to explain the main features of the spikes growth under FEL irradiation. Our 
approach was based on the assumption that the growth of nano-dots is caused by polymerization or carbonization 
(cracking and subsequent strong chemical bonding) of incoming hydrocarbon molecules under the action of incident 
photons directly or photoelectrons knocked out from a mirror surface. Notice that there are manifold works (see, e.g. 
[3,4]), where a growth of carbonaceous layer on a surface of optical elements placed in synchrotron beamlines or in 
optical systems of extreme ultraviolet lithography is also explained by radiation or photoelectron induced carbonization. 
The main difference of our model consists in that we take into account the radiation intensity variation nearby a mirror 
surface in an explicit form.  
 







Evidently, the probability of radiation-induced cracking and subsequent polymerization of adsorbed hydrocarbon 
molecules is proportional to the field intensity (the photon flux density) 2| |E  on the surface. Similarly, the probability of 
polymerization under the action of photoelectrons is proportional to their density in the point of the molecule dropping 
on a surface, which, in its turn, is proportional to the radiation power absorbed in the matter, i.e., the value of the field 
intensity 2| |E  on the surface once again. If the grazing angle is small compared to the critical angle of the total external 
reflection (TER), the field intensity is low at the mirror surface, while it is increased in vacuum with increasing distance 
to the surface (Fig.1). Therefore, if there is a surface feature (e.g., a peak on a rough surface), the field intensity on its top 
is higher and, hence, probability of polymerization of incoming molecules increases resulting in a quicker growth of the 
feature compared to the growth of underlying surface. As a result, the positive feedback arises: the higher the feature on 
the surface is, the quicker its growth occurs and finally the feature appears as nano-dot or spike in an AFM image. 
 
Fig. 1. Field intensity (at λ = 20 nm) nearby ideally smooth carbon surface placed at z = 0 for different grazing angles θ of the incident 
beam, the value of θ being indicated in the graph. The amplitude of the incident wave was set to unity for definiteness. Z-axis is 
directed into vacuum. Vertical dotted line at z = 0 corresponds to the position of the reflecting surface. Straight dashed lines show the 
field intensity in vacuum after linearization with the use of Eq. (6). 
 
The crucial factors responsible for the growth of nano-dots were theoretically demonstrated to be the incident peak 
intensity and the reflection angle of the beam. A reduction of the peak intensity by only several times (e.g., replacement 
of FEL beam by synchrotron radiation) as well as a decrease in the incident angle by just one degree (from 3 to 2 
degrees) may result in a strong suppression of the nano-dots growth or even their total disappearing. 
In the previous paper we analyzed the process of nano-dots growth using the vivid approach of F. Family and T. Viscek 
[5,6], where the film growth was modeled by representation of incoming molecules flux as a set of small cubes falling 
randomly onto the surface and forming growing columns. In the present paper, we deduce very simple, while 
approximate, analytic expression describing qualitatively the nano-dots growth. New physical effects, which were not 
described in the previous our paper, are analyzed. 
2. ANALYTIC THEORY OF NANO-DOTS GROWTH UNDER FEL IRRADIATION  
Following [1] we assume that three and only three different events may occur after hydrocarbon molecule falls onto the 
surface. First, the molecule sticks at once to it due to polymerization under the action of photoelectrons with the 
probability Ppol. Second, the molecule is reflected (desorbed) from the surface and comes back to vacuum with the 
probability Pdes. Finally, the molecule diffuses along the surface with the probability Pdif = 1 - Ppol - Pdes, whereupon it 
sticks to the surface due to polymerization. The experimental values of the probabilities Pdes and Pdif are scarcely known, 
and their calculation from the first principles is a very complex problem, if is at all possible. Therefore the ratio 







Suppose that a surface relief in the moment τ in time is described by the function ( , )z h   , where ρ = x is a scalar in 
the case of 1+1 dimensional surface and ρ = (x,y) is a vector for 1+2 dimensional surface. The probability of 
polymerization Ppol is supposed to be proportional to the photoelectron density Q(ρ,h) in the point ρ of the molecule drop 
onto surface. In its turn, the density Q is proportional to X-ray radiation absorption in a small volume of material nearby 
this point, i.e. 2 20( , ) ~ | ( , ) | ImQ h A E h   , where ε is the complex dielectric constant of matter, A is the amplitude of 
the incident wave, and E0 is the field function assuming the amplitude of a plane incident wave to equal to unity (see [1] 
for more details). 
In addition, we assumed that the density of photoelectrons in the point, where the molecule dropped onto a top of the 
surface, is proportional to a number N of molecules surrounding the dropped one. In other words, we supposed that the 
photoelectrons density is higher in a valley on a rough surface as compared with that on its peak. Basing on these 
assumptions we represented the probability of polymerization of the molecule dropped onto a top of the surface in the 
point ρ as   20( ) ( )polP N E h h    , where the second free parameter of the model η is proportional to the field 
intensity 2A . To guarantee the polymerization probability lesser than unity we re-wrote the expression for polP  as 
follow 
  20( ) 1 exp ( )polP N E h h             (2) 
Instead of η we will use below the value of the clearly understandable physical parameter, namely, the polymerization 
probability 0P  of the molecule falling onto a flat surface, when ( )h h   and the number of surrounding molecules 
0N N  is equal to either 3 (1+1 dimensional surface) or 9 (1+2 dimensional surface): 
 20 0( ) 1 exp ( )P N t          (3) 
where t is the field amplitude on a flat surface (amplitude transmittance determined by the Fresnel formula) and θ is the 
grazing incidence angle. 
Let I to be an incident flux of incoming hydrocarbon molecules (in particle/nm2/s for 1+2 dimensional surface). Then 
dn I dS d  molecules fall onto a small area dS  on a growing film surface during the short temporal interval d . 
Taking into account that a part desP  of molecules are desorbed and assuming Ω to be a volume occupied by a single 
molecule inside the film (in nm3) we find that the film volume is increased by  1 desdV dS dh I dS d P     and 
obtain the simplest equation describing the carbonaceous film growth with time 
( , ) 1 ( )des
dh I P h h
d
 
            (4) 
where ( , )h    describes a surface of the growing film, and h  is the averaged layer thickness. The equation neglects the 
random nature of incident flux of molecules, assumes that it is constant both in space and in time, and thus describes the 
nano-dots growth averaged over different realizations of random flux. Moreover, the equation does not take into 
complete account the surface diffusion of incoming molecules, while the effect of diffusion is introduced via the relation 
1 des pol difP P P   . The fact is that, according to the results obtained in [1], the nano-dots growth is clearly observed, if 
the surface diffusion appears only weakly. Using the free parameter of our model /des difP P  , we can express the 
probability of desorption via the probability of polymerization as  1 ( ) 1 ( ) / 1des polP h h P h h         .  
In particular, an increase in the averaged film thickness is governed by the equation    0( ) / 1 / 1dh d I P       , 
where the right side is independent of time. Then we immediately obtain the following equation describing a growth of 
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          (5) 
The probabilities of polymerization P0 and polP  in Eq. (5) are determined by the intensity of incident radiation via Eq. 
(2), what is the key point of our approach. To find solution of Eq. (5) in an analytical form we suppose that the spikes 
height h h  is small enough, so that we can linearize the expression for the radiation intensity in vacuum nearby a 
surface as 
2 2
0| ( ) | | | 4 Im ( )sinE h h t r k h h                   (6) 
where r ( Im 0r  ) is the amplitude reflectance determined by the Fresnel formulas.  
Next, the number of surrounding molecules N in Eqs. (2), (5) depends on the point on a surface, where the given 
molecule falls, and it can vary from 1 to 7 (1+1 surface) or from 1 to25 (1+2 surface). To solve Eq. (5) analytically we 
set the number of surrounding molecules to the same average value independently of the point, where molecule falls on a 
surface, i.e. put 0N N N   in Eq. (5), where 4 or 13N   for 1+1 or 1+2 dimensional surface, respectively. Then we 
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    
    (7) 
whose solution can be easily found in an explicit analytical form: 
 0( ) ( ) ( ) ( )1                    ( ) ln 1 e 1 e( ) k U h k U V hh h kU                            (8) 
The functions 0 ( )h   and  ( )h   in Eq. (8) describe a virgin surface relief and that of a surface after irradiation, 
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    (9) 
The parameters N  and η are only appeared as the product N  in Eq. (9). Therefore, Eqs. (8)-(9) result in conclusion 
that a growth of 1+2 dimensional carbonaceous film ( 13N  ) occurs by the same manner as a growth of 1+1 
dimensional film ( 4N  ), if the parameter η is respectively renormalized to keep the constant product N .  
3. ANALYSIS OF SPIKES GROWTH USING ANALYTIC APPROACH 
In the previous our paper we established the following peculiarities of the spikes growth using numerical modeling: 
 The spikes growth is observed, if the probability of the surface diffusion of incoming hydrocarbon molecules is 
not too high. 
 If the incident radiation intensity is fixed, the spikes growth is only observed in a limited, from above and 
below, interval of the grazing angles of incident radiation. 
 Decreasing the incident radiation intensity by several times may result in a total disappearing of the spikes 
growth. 
Below we will demonstrate that all these features are described by the simple analytic theory (Eqs. (8)-(9)), which, in 
addition, will allow us to predict new effects not described in the previous paper. For definiteness, we set the radiation 
wavelength to λ = 20 nm and will analyze a growth of nano-dot on a smooth surface having the only parabolic feature of 
the 1.5 nm maximal height and the 100 nm length. The case of 1+1 dimensional surface is considered, while according to 







Dependence of the spike height Δh on the grazing angle of incident radiation is shown in Fig. 2. Calculations were 
performed using Eq. (8) for different diffusion parameters ξ and the fixed radiation flux density (parameter η = 1) (Fig. 
2a) as well as for different radiation flux densities (parameters η) and the fixed diffusion parameter ξ = 6 (Fig. 2b). When 
calculating, the averaged carbonaceous film thickness was set to the same value 15h   nm. Figure 2a demonstrates 
clearly that the nano-dots growth is well pronounced, if only the surface diffusion is weak, i.e. the parameter ξ is large.  
 
 
Fig. 2. Dependence of the spike height on the grazing angle of incident radiation (λ = 20 nm). Calculations were performed for (a) 
different diffusion parameters ξ and the fixed radiation flux density (parameter η = 1); and (b) different radiation flux densities 
(parameters η) and the fixed diffusion parameter ξ = 6. The feature height on a virgin substrate was 1.5 nm and the averaged 
carbonaceous film thickness is equal to 15h   nm. 
 
Figure 2b demonstrates that the spike height achieves the maximal value at a certain angle depending on the field 
intensity on a surface. In particularly, if we set η = 1, the spike growth is clearly observed in the interval of the grazing 
angle from 2.5 till 5 degrees. In particular, decrease in the grazing angle from 3 to 2 degrees results in a strong 
suppression of the spike growth, its height being decreased by a factor of 2. This effect was experimentally observed in 
[1].  
Explanation of non-linear dependence of spike growth on the grazing angle consists in the following. In the limiting case 
of extremely small grazing angle of an incoming beam θ, the parameter 1U   and, hence, the argument of the 
logarithmic function in Eq. (8) is equal approximately to 01 kUh . Then we obtain that 0( ) ( )h h h h     , i.e. the 
spike growth is not observed at all. This case is characterized by small polymerization probabilities (2)-(3), so that the 
right side of Eq. (5) is very small and thus the growth of spike is very slow. 
The same conclusion is valid in the opposite limiting case of large grazing angle θ, when 1U  , while 1U V   
because of exponentially small multiplayer 2exp( | | )N t . Then the argument of logarithmic function in Eq. (8) is close 
to 0exp( )kUh  resulting once again in 0( ) ( )h h h h     . The physical reason of the phenomenon is explained as 
follow. The field intensity on a flat surface is high in the case of large grazing angle (see Fig. 1), so that the 
polymerization probability achieves 0 ~ 80 90%P   even for molecule falling onto a flat surface, the value being only 
slightly less as compared with that at the top of the feature of the 1.5 nm height. Hence, the right side of Eq. (5) is small 
as in the previous case and the surface growth occurs almost uniformly in average, because the probability of desorption 
is almost the same independently of the point on the surface, whether it is placed on the feature top or on the average 
surface. 
Figure 2b demonstrates one more interesting feature of spike growth. If the grazing angle of incident radiation is fixed, 







the spike height achieves maximal value at the parameter ~ 1 . Decreasing or increasing radiation flux density by a 
factor of 10 results in the total disappearing of spikes growth. Disappearing of spikes at very high radiation flux density 
is explained by the same reason as in the case of large grazing angles: the probability of polymerization of hydrocarbon 
molecules is almost the same independently of the point on the surface, whether it is placed on the feature top or on the 
average surface. The last effect was not predicted in the previous our work [1], while it follows directly from Eq. (8). 
Let consider now high enough radiation flux density, so that, according to Fig. 2b, the spike height achieves 
maximal value at the grazing angles θ much smaller than the critical angle θc of TER. Then Im ( ) 2sin / sin cr      
and 2 2 2| ( ) | 4sin / sin ct    , and, hence, the parameter U(θ) and V(θ) in Eq. (8) depends only on the product 2sin   
rather than on the values of η and θ separately. Dependence of the spike height on the parameter 2sin   is shown in 
Fig. 8 for different radiation flux density (parameter η = 1 or 10) and diffusion parameter ξ = 3 or 6. As seen, dependence 
of spike height on 2sin   represents universal curve at the fixed ξ, while the curves are slightly shifted in respect to 
each other with varying parameter ξ. The spike height is maximal at 2sin ~ 0.004 0.006   , what corresponds to the 
polymerization probability of hydrocarbon molecule at a flat surface of about 0 ~ 15 20%P  . This value is optimal for 
the spike growth and, hence, represents the worst situation for operation of mirrors in FEL beamlines. Next, if we 
observe intensive growth of spikes at a certain grazing angle θ, then decreasing (attenuating) or increasing (focusing) 
radiation flux density by, say, a factor of 4 will increase or decrease the "worst" for the practice value of the grazing 
incidence angle by a factor of 2. This conclusion is independent on the values of the free parameters of our model, which 
thus can be justified or rejected basing on experimental observations. 
 
Fig.8. Dependence of the spike height on the parameter 2sin  . Calculations were performed for different radiation flux density 
(parameter η = 1 or 10) and diffusion parameter ξ = 3 or 6. The feature height on a virgin substrate was 1.5 nm and the averaged 
carbonaceous film thickness is equal to 15h   nm at ξ = 6, while 20.5h   nm at ξ = 3 to provide the same maximal spike height. 
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